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Abstract
In this paper we de-ne an in-nite family of varieties of algebraic quasigroups, where for
m¿ 3 the variety Vm satis-es a particular set of de-ning identities Im. It is shown that the -nite
members of Vm are precisely the quasigroups that can be obtained via a standard construction
from certain decompositions of a complete graph into closed trails of lengths that each divide
m. The result is presented from a graph theoretical perspective.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
In this paper, we translate a problem of constructing certain algebraic objects into
a problem of decomposing complete graphs into certain families of closed trails. Sec-
tions 2 and 3 will give the precise algebraic and graph-theoretic de-nitions, respec-
tively; here we try to set the stage for those readers who are not familiar with both
topics.
A “quasigroup” is an algebraic object more general than a group. It consists of a set
and three binary operations de-ned on the set that satisfy certain identities. A family
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of quasigroups that is closed under certain natural operations is called a “variety” of
quasigroups.
Given special decompositions of certain complete graphs into cycles of length m, a
construction that has become known as the standard construction can be used to produce
a variety of quasigroups. In 1996, Bryant and Lindner [4] showed that this works if and
only if m∈{3; 5; 7}. Lindner and Rodger [10] later showed that no additional varieties
of quasigroups arise when the requirement of using cycles is relaxed to allow closed
trails. (The special condition imposed on the decompositions is that the set of trails
produced by taking 2-edge steps along the given trails forms another decomposition;
such a decomposition is “2-perfect”.)
Here we will produce an in-nite family of varieties of quasigroups by allowing
closed trails to have diIerent lengths. In particular, for m¿ 3, let d(m) be the set
of divisors of m that exceed 2. Given m, we present a set of three identities that
de-nes a variety of quasigroups, and we show that the -nite quasigroups in this va-
riety arise from 2-perfect decompositions of complete graphs into closed trails with
lengths in d(m), via the standard construction. Note that when m∈{3; 5; 7}, the only
element of d(m) is m. This goes to the heart of explaining why the previous re-
sults on this topic, allowing only trails of a single length, showed that m had to be
in {3; 5; 7}.
We begin with some background information and several de-nitions that make pre-
cise the terms used in this introduction. For a survey of results on this topic, see
[7].
2. Algebraic and combinatorial points of view
From the universal algebra point of view, a quasigroup is de-ned to be an ordered
4-tuple (Q; ◦; \; =), where Q is a (possibly in-nite) set, and where ◦, \, and / are
binary operations de-ned on Q, called multiplication, left division, and right division,
respectively, which satisfy the four identities
x ◦ (x \ y) = y; (x=y) ◦ y = x;
x \ (x ◦ y) = y; (x ◦ y)=y = x: (1)
From the combinatorial point of view, a quasigroup of order n is an ordered pair
(W; ◦), where W is a -nite set of size n, and ◦ is a binary operation de-ned on W
such that for all a, b∈W (possibly a=b), a◦x=b and y ◦a=b have unique solutions
for x and y.
We can distinguish between these two points of view by calling (Q; ◦; \; =) an al-
gebraic quasigroup and (W; ◦) a combinatorial quasigroup. It turns out that, apart
from the fact that Q may be in-nite whereas W is -nite, these concepts are essen-
tially the same. For if Q is -nite and (Q; ◦; \; =) is an algebraic quasigroup, then it
is easy to see that (Q; ◦), (Q; \) and (Q; =) are all combinatorial quasigroups. Also,
if (W; ◦) is a combinatorial quasigroup, then by de-ning two operations \ and /
C.C. Lindner, C.A. Rodger /Discrete Mathematics 272 (2003) 127–137 129
21 10 11 12 13 14 15 16 17 18 1 2 3 4 5 6 7 8 9 20 19 21
20 17 18 10 11 12 13 14 15 16 8 9 1 2 3 4 5 6 7 21 20 19
19 12 13 14 15 16 17 18 10 11 3 4 5 6 7 8 9 1 2 19 21 20
18 16 20 11 14 17 10 19 13 21 6 3 15 8 2 12 1 7 18 4 5 9
17 20 10 13 16 18 19 12 21 15 2 14 7 1 11 9 6 17 5 3 4 8
16 18 12 15 17 19 11 21 14 20 13 6 9 10 8 5 16 4 1 2 3 7
15 11 14 16 19 10 21 13 20 17 5 8 18 7 4 15 3 9 12 1 2 6
14 13 15 19 18 21 12 20 16 10 7 17 6 3 14 2 8 11 4 9 1 5
13 14 19 17 21 11 20 15 18 12 16 5 2 13 1 7 10 3 6 8 9 4
12 19 16 21 10 20 14 17 11 13 4 1 12 9 6 18 2 5 15 7 8
11 15 21 18 20 13 16 10 12 19 9 11 8 5 17 1 4 14 3 6 7 2
10 21 17 20 12 15 18 11 19 14 10 7 4 16 9 3 13 2 8 5 6 1
9 5 4 6 2 1 3 8 7 9 11 20 16 12 10 17 19 15 21 14 13 18
8 6 5 4 3 2 1 9 8 7 20 15 11 18 16 19 14 21 10 13 12 17
7 4 6 5 1 3 2 7 9 8 14 10 17 15 19 13 21 18 20 12 11 16
6 8 7 9 5 4 6 2 1 3 18 16 14 19 12 21 17 20 13 11 10 15
5 9 8 7 6 5 4 3 2 1 15 13 19 11 21 16 20 12 17 10 18 14
4 7 9 8 4 6 5 1 3 2 12 19 10 21 15 20 11 16 14 18 17 13
3 2 1 3 8 7 9 5 4 6 19 18 21 14 20 10 15 13 11 17 16 12
2 3 2 1 9 8 7 6 5 4 17 21 13 20 18 14 12 10 19 16 15 11
1 1 3 2 7 9 8 4 6 5 21 12 20 17 13 11 18 19 16 15 14 10
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21
3
°
Fig. 1. A quasigroup satisfying the identities in I6.
on W by
a \ b= c if and only if a ◦ c = b
and
a=b= c if and only if c ◦ b= a (2)
we produce an algebraic quasigroup (W; ◦; \; =). Furthermore, to specify an algebraic
quasigroup (Q; ◦; \; =), it suMces to de-ne only the multiplicative part (Q; ◦) of the
quasigroup; for in order to satisfy the four de-ning identities in (1), it must be the case
that \ and / are de-ned by (2). Therefore, in what follows we will always consider the
combinatorial quasigroup (W; ◦) to be the multiplicative part of the algebraic quasigroup
(W; ◦; \; =). It will also cause no confusion if we denote the product x ◦ y simply by
xy.
A variety of quasigroups is a set of algebraic quasigroups that is closed under
taking subquasigroups, direct products, and homomorphic images. In 1935, G. BirkhoI
[1] proved an even more general result than the following:
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Theorem 2.1 (BirkhoI [1]). A set V of algebraic quasigroups is a variety if and only
if there exists a set of identities I such that V is precisely the set of all algebraic
quasigroups that satisfy the identities in I .
If V is a variety of quasigroups, then using Theorem 2.1 we say that V can be
equationally de4ned, and that I is a de4ning set of identities.
Example 2.2. The quasigroup in Fig. 1 satis-es the set of identities
I6 = {x2 = x; (xy)y = x; ((xy)(y(xy)))((y(xy))((xy)(y(xy)))) = x}:
We use the subscript 6 because this set of identities -ts into a sequence of sets of
identities de-ned in Section 5, and the mth set Im in this sequence generates a variety
Vm.
3. Graph decompositions
As stated earlier, the purpose of this paper is to produce varieties of quasigroups
from certain graph decompositions of complete graphs, so now we turn to some
graph-theoretic notions.
For the purposes of this paper, a closed m-trail is a sequence of m distinct edges of
the form ({v1; v2}; {v2; v3}; : : : ; {vm−1; vm}; {vm; v1}), which we denote by (v1; v2; : : : ; vm);
the length of (v1; v2; : : : ; vm) is m. It is the order in which the edges are traversed that
matters here (that is, we do not consider a closed m-trail to be simply a graph), and not
where it begins or which direction is followed. Therefore, we also denote (v1; v2; : : : ; vm)
by any cyclic shift of (v1; v2; : : : ; vm) or (vm; vm−1; : : : ; v1). An m-cycle is a closed m-trail
(v1; v2; : : : ; vm) in which v1; v2; : : : ; vm are all distinct.
Example 3.1. The closed 6-trails t1=(1; 2; 3; 1; 4; 5) and t2=(1; 2; 3; 1; 5; 4) are diIerent,
yet they have the same graph.
If t=(t1; t2; : : : ; tm) is a closed m-trail, then denote by t2 the closed m-trail (t1; t3; : : : ; tm;
t2; t4; : : : ; tm−1) if m is odd and the union of the two closed m=2-trails (t1; t3; : : : ; tm−1)
and (t2; t4; : : : ; tm) if m is even.
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Example 3.2.
As the above example shows, it is quite possible for the edge sets of two closed
m-trails t1 and t2 to induce the same graph, yet for the edge sets of t21 and t
2
2 to induce
diIerent graphs. Hence, the ordering of edges in closed m-trails is important for us.
Let M be a set of positive integers. A closed M -trail system of order n is an or-
dered pair (W; T ) such that |W | = n and T is a set of closed trails with lengths in
M that decompose the complete graph with vertex set W . A closed {m}-trail sys-
tem is usually called more simply a closed m-trail system. A closed M -trail system
(W; {t1; t2; : : : ; ts}) is said to be 2-perfect if t21 ; t22 ; : : : ; t2s also decompose the complete
graph. So (W; {t1; : : : ; ts}) is 2-perfect if and only if each pair of vertices in W occurs
with exactly one intervening vertex in exactly one closed trail in T .
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Example 3.3. Let T be the set of closed trails on the vertex set W = {∞1;∞2;∞3} ∪
({1; 2; : : : ; 9}×{1; 2}) that contains the following trails: (It may be convenient to think
of the 21 vertices arranged with nine vertices cyclically on each of two levels together
with three “-xed points” on the side. The trails are then formed by rotating the de-ned
trails along the levels.)
the 3-cycles in {((1; 1); (2; 1); (3; 1)); ((4; 1); (5; 1); (6; 1)); ((7; 1); (8; 1); (9; 1)); ((1; 1);
(4; 1); (7; 1)); ((2; 1); (5; 1); (8; 1)); ((3; 1); (6; 1); (9; 1)); ((1; 1); (5; 1); (9; 1)); ((2; 1); (6; 1);
(7;1)); ((3;1); (4;1); (8;1)); ((1;1); (6;1); (8;1)); ((2;1); (4;1); (9;1)); ((3;1); (5;1); (7;1))}
∪ {(∞3; (1; 1) + (i; 0); (1; 2) + (i; 0)), ((1; 2) + (i; 0); (3; 2) + (i; 0); (4; 1) + (i; 0)) | 06
i6 8}∪ {(∞1;∞2;∞3)}∪ {((1; 2)+ (1i; 0); (4; 2)+ (1i; 0); (7; 2)+ (1i; 0)) | 06 i6 2};
the 6-cycles in {(∞1; (1; 1)+ (i; 0); (3; 2)+ (i; 0);∞2; (8; 1)+ (i; 0); (6; 2)+ (i; 0)) | 06 i
6 8}; and the closed 6-trails in {((1; 2) + (i; 0); (2; 2) + (i; 0); (7; 1) + (i; 0); (1; 2) +
(i; 0); (5; 2) + (i; 0); (9; 1) + (i; 0)) | 06 i6 8},
reducing all sums in the -rst component modulo 9. It is easy to verify that (W; T ) is
a 2-perfect closed {3; 6}-trail system of order 21.
4. Varieties and graph decompositions
We now present the connection between quasigroups and graph decompositions.
Given any closed M -trail system (W; T ) of order n, we can de-ne a binary operation
“◦” on W using the standard construction de-ned as follows:
The standard construction
(1) x ◦ x = x for all x∈W , and
(2) If x 
= y with x; y∈W , then x◦y=v and y◦x=u if and only if (: : : ; u; x; y; v; : : :)∈T .
Example 4.1. The quasigroup in Fig. 1 can be formed from the 2-perfect closed
{3; 6}-trail system in Example 3.3 (after renaming symbol (i; j) with i + 9(j − 1)
and renaming symbol ∞x with 18 + x) by using the standard construction.
We will now see the purpose of the 2-perfect property. The proof of the following
result is essentially the same as the proof in the case where M = {m} and each trail
is a cycle. This was established in [5,7], for example, so we omit the proof here.
Theorem 4.2. Let (W; T ) be a closed m-trail system. The standard construction pro-
duces a quasigroup (W; ◦) if and only if (W; T ) is 2-perfect.
Of course, the fact that (W; T ) is 2-perfect in this result is crucial; it means that
for each x 
= y on W , there is a unique z1 in W such that x ◦ z1 = y (and similarly
a unique z2 such that z2 ◦ x = y) precisely because the pair of vertices x and y are
distance 2 apart in exactly one cycle in T .
We have -nally reached the connection between varieties of quasigroups and graph
decompositions. A set T of 2-perfect closed M -trail systems is said to be equationally
de4ned if there exists a variety of quasigroups V such that the -nite quasigroups in V
are precisely the quasigroups whose multiplicative parts can be constructed from the
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2-perfect closed M -trail systems in T using the standard construction. In other words,
a -nite quasigroup belongs to V if and only if it can be constructed from an M -trail
system belonging to T. (This correspondence explains why we refer to both T and
V as being equationally de-ned.)
There have been several results that approach this connection from the graph the-
oretical perspective, the main breakthrough being the following result of Bryant and
Lindner [4] (see also [2], and for a survey see [7]).
Theorem 4.3 (Bryant and Lindner [4]). The set of all 2-perfect m-cycle systems is
equationally de4ned if and only if m∈{3; 5; 7}.
There is nothing unique about a de-ning set of identities for a variety of quasigroups.
It turns out that, for m∈{3; 5; 7}, a de-ning set Im of identities (although not those
given in [4]) for the quasigroups obtained from the set of all 2-perfect m-cycle systems
using the standard construction is obtained as follows:
(1) x2 = x is in Im (the idempotent law),
(2) (xy)y = x is in Im, and
(3) y(xy) = x is in I3,
(y(xy))((xy)(y(xy))) = x is in I5, and
((y(xy))((xy)(y(xy))))(((xy)(y(xy)))((y(xy))((xy)(y(xy))))) = x is in I7.
The result of Bryant and Lindner was then used by Lindner and Rodger [10] to
show that even if closed m-trails were considered instead of the less general m-cycles,
no further varieties of quasigroups can be obtained.
Theorem 4.4 (Lindner and Rodger [10]). The set of all 2-perfect closed m-trail sys-
tems is equationally de4ned if and only if the closed m-trails in the systems are
3-cycles, 5-cycles, or 7-cycles.
One aim of this paper is to show that for all values of m, the set of 2-perfect
m-cycle systems and the set of 2-perfect closed m-trail systems are subsets of a larger
set of closed trail systems that is in fact equationally de-ned. For example, while the
set of 2-perfect 6-cycle systems is not equationally de-ned, it is a subset of the set of
2-perfect closed {3; 6}-trail systems, which is equationally de-ned.
Other related results in the literature consider varieties of quasigroups obtained from
closed m-trail decompositions of the graph formed by adding a loop to each vertex in
Kn [11] (the loops have the eIect of removing the idempotent law from the de-ning
sets of identities I3, I5, and I7 above), and varieties of quasigroups obtained by using
the “opposite vertex construction” instead of the standard construction [9].
5. An in"nite family of “graphical” varieties
The purpose of this paper is to approach the connection between varieties of quasi-
groups and graph decompositions from the graphical side.
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By looking carefully at the de-ning sets of identities I3, I5, and I7, one can see that
they naturally fall into an in-nite class of identities Im for m¿ 3 de-ned recursively
as follows:
De-ne a sequence W1(x; y); W2(x; y); : : : of words in the free groupoid on the two
generators x and y by
(1) W1(x; y) = x,
(2) W2(x; y) = y, and
(3) Ws(x; y) =Ws−2(x; y)Ws−1(x; y) for all s¿ 3.
For all m¿ 3, let Im be the set of 2-variable identities given by
Im = {x2 = x; (xy)y = x;Wm−1(x; y)Wm(x; y) = x}:
It is easy to see that this de-nition agrees with the de-nitions of I3, I5, I6, and I7 given
earlier.
The question we address here is whether or not there exists a graph decomposition
description for the multiplicative parts of the -nite quasigroups in the variety Vm of
algebraic quasigroups that satisfy the identities in the de-ning set Im. As the following
theorem shows, the answer is yes for all m. Theorem 5.1 can also be obtained from
a result of Darryn Bryant [3] by restricting the column latin groupoids to quasigroups,
but the proof here stresses the graphical representation instead of the algebraic point of
view. It may help the reader to point out that the closed {3; 6}-trail system in Example
3.3 and the quasigroup in Fig. 1 demonstrate this correspondence. Let d(m) be the set
of positive divisors of m not in {1; 2}.
Theorem 5.1. Let m¿ 3, and let Vm be the variety of algebraic quasigroups satisfying
the identities in Im. The multiplicative parts of the 4nite algebraic quasigroups in Vm
are precisely the quasigroups that arise from the 2-perfect closed d(m)-trail systems
of complete graphs using the standard construction.
Proof. We will -rst show that the multiplicative part of each 2-perfect -nite algebraic
quasigroup in Vm arises from some closed d(m)-trail system using the standard con-
struction. We then show that if (Q; ◦) is the 2-perfect quasigroup obtained from a closed
d(m)-trail system using the standard construction, then (Q; ◦) is the multiplicative part
of a 2-perfect -nite algebraic quasigroup in Vm.
Let m¿ 3 and let Vm be the variety of algebraic quasigroups satisfying the
identities
(I1) x2 = x,
(I2) (xy)y = x, and
(I3) Wm−1(x; y)Wm(x; y) = x.
Let (Q; ◦) be the multiplicative part of a -nite 2-perfect algebraic quasigroup in Vm; for
convenience we can assume Q = {1; 2; : : : ; n}. Before constructing a closed d(m)-trail
system of Kn, we make the following observations:
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For 16 x1¡x26 n, de-ne a -nite sequence t(x1; x2)=(x1; x2; x3; : : : ; xm) recursively
by
xs = xs−2xs−1 for 36 s6m:
Clearly (inductively, by the de-nition of Ws) we have that xs=Ws(x1; x2) for 36 s6m,
and also that Ws−1(x2; x3) =Ws(x1; x2) for 46 s6m. So, by (I3) we have
Wm−1(x1; x2)Wm(x1; x2) = x1 so xm−1xm = x1;
and so we also know that Wm(x2; x3) = x1. Thus, also by (I3), we have
Wm−1(x2; x3)Wm(x2; x3) = x2; so xmx1 = x2:
Therefore,
xixi+1 = xi+2 for 16 i6m
reducing subscripts modulo m. Also, by (I2) we have
xi+2xi+1 = (xixi+1)xi+1;
= xi for 16 i6m
reducing subscripts modulo m. Putting this all together, if t(x1; x2)=(x1; x2; : : : ; xm) then
for 16 i6m we also have
t(xi; xi+1) = (xi; xi+1; : : : ; xm; x1; x2; : : : ; xi−1)
and
t(xi+1; xi) = (xi+1; xi; : : : ; x1; xm; xm−1; : : : ; xi+2)
reducing subscripts modulo m.
We now use these observations concerning t(x1; x2) to obtain a closed d(m)-trail
system of Kn. For 16 x1¡x26 n, let T (x1; x2) be the subgraph of the complete
graph with vertex set Q induced by the edge set {{xi; xi+1}; {xm; x1} | 16 i6m − 1;
t(x1; x2) = (x1; x2; : : : ; xm)} (so if t(x1; x2) = (x1; x2; : : : ; xm), then T (x1; x2) is the closed
trail (x1; x2; : : : ; xm)). We have shown that if t(x1; x2)=(x1; x2; : : : ; xm) then T (xi; xi+1)=
T (xi+1; xi)=T (xi+1; xi+2) for 16 i6m, reducing subscripts modulo m. So, since T (x; y)
is a closed trail for 16 x¡y6 n, it follows that (Q; {T (x; y) | 16 x¡y6 n}) is a
closed M -trail system of order n for some set M .
To determine M , we need to -nd the length of T (x1; x2). For 16 x1¡x26 n, let
t(x1; x2) = (x1; x2; : : : ; xm), and let s be the smallest positive integer such that
xs+1 = x1 and xs+2 = x2 (∗)
reducing subscripts modulo m; clearly s6m. It immediately follows that xi = xs+i for
all i¿ 1, so the edge set of T (x1; x2) is E(T (x1; x2)) = {{xi; xi+1}; {xs; x1} | 16 i¡ s},
and T (x1; x2) is a closed s-trail. Since s is the smallest integer satisfying (∗), and since
xm+1 = x1 and xm+2 = x2, we have that s divides m. Finally, since x1 
= x2, using (I1) it
follows that x3=x1x2 
∈ {x1; x2} (because (Q; ◦) is an idempotent quasigroup), so s¿ 3.
Therefore, M ⊆ d(m), and so (Q; T = {T (x; y) | 16 x¡y6 n}) is a closed d(m)-trail
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system of order n from which (Q; ◦) clearly arises using the standard construction.
Furthermore, (Q; T ) is 2-perfect since (Q; ◦) is a quasigroup (see Theorem 4.2).
Conversely, let (Q; T ) be any 2-perfect closed d(m)-trail system of order n, and
let (Q; ◦) be the combinatorial quasigroup obtained from (Q; T ) using the standard
construction (by Theorem 4.2, (Q; ◦) is indeed a quasigroup since (Q; T ) is 2-perfect).
By Theorem 2.1, it remains to prove that (Q; ◦) satis-es the identities (I1-3). By (1)
of the standard construction, (Q; ◦) satis-es (I1). For any x, y∈Q with x 
= y, let
the closed trail containing the edge {x; y} be (: : : ; u; x; y; v; : : :); by (2) of the standard
construction
(xy)y = vy = x
so (Q; ◦) satis-es (I2). Finally, for any x, y∈Q with x 
= y, let the closed trail
containing the edge {x; y} be (x1; x2; x3; : : : ; xs) for some s, with x1 = x and x2 = y.
Since each trail in T has length in d(m), s divides m. For 16 i6 s and 16 j6m=s
de-ne xi+sj = xi, so xixi+1 = xi+2 for 16 i6m. Since Wi(x; y) = xi for 16 i6m, we
have
Wm−1(x; y)Wm(x; y) = xm−1xm = xz−1xz = x1 = x
so (Q; ◦) satis-es (I3). Therefore, by Theorem 2.1 (Q; ◦) is the multiplicative part of
an algebraic quasigroup in Vm.
With the single exception of m=4, it turns out that Vm is rich with -nite quasigroups
satisfying the identities in Im. There are two obvious necessary conditions for the
existence of a 2-perfect closed m-trail system of Kn: n is odd and m divides n(n−1)=2.
Lamken and Wilson [6] have shown that these conditions are suMcient whenever n is
suMciently large compared to m. By Theorem 5.1 this produces many -nite quasigroups
in Vm. It is also the case that these conditions are suMcient for small values of m,
except possibly for some small values of n; for example, when m=6 they are suMcient
unless n=9 [8]. Of course, -nite quasigroups in V6 are obtained from 2-perfect closed
{3; 6}-trail systems. Thus a quasigroup in V6 of order 9 can be formed, for example,
from a Steiner triple system of order 9 in which all trails are 3-cycles. (See [12] for a
summary of results for small values of m.) However, when m=4 it is easy to see that
there are no 2-perfect closed d(4)-trail systems (that is, 2-perfect 4-cycle systems), so
by Theorem 5.1 V4 contains no -nite quasigroups.
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